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Abstract
Calcium ions are an important second messenger in living cells. Indeed calcium signals in the
form of waves have been the subject of much recent experimental interest. It is now well established
that these waves are composed of elementary stochastic release events (calcium puffs) from spatially
localized calcium stores. Here we develop a computationally inexpensive model of calcium release
based upon a stochastic generalization of the Fire-Diffuse-Fire (FDF) threshold model. Our model
retains the discrete nature of calcium stores, but also incorporates a notion of release probability via
the introduction of threshold noise. Numerical simulations of the model illustrate that stochastic
calcium release leads to the spontaneous production of calcium sparks that may merge to form
saltatory waves. In the parameter regime where deterministic waves exist it is possible to identify a
critical level of noise defining a non-equilibrium phase-transition between propagating and abortive
structures. A statistical analysis shows that this transition is the same as for models in the
directed percolation universality class. Moreover, in the regime where no initial structure can
survive deterministically, threshold noise is shown to generate a form of array enhanced coherence
resonance whereby all calcium stores release periodically and simultaneously.
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I. INTRODUCTION
Variations in calcium concentrations are a vital component of many cellular processes,
including intra- and extra-cellular signaling processes, muscle contraction, cell fertilization,
cell aptoptosis and neuronal plasticity [1]. Innovative techniques for calcium imaging have
allowed experimentalists to resolve spatio-temporal patterns of oscillations and waves in
both isolated cells and tissue (see for example [2]). These dynamical phenomena are be-
lieved to be subserved by specific molecular mechanisms for the control of calcium influx
and efflux through the cell’s outer membrane. This is typically effected by voltage-gated
ion channels, calcium exchangers and pumps, as well as calcium release mechanisms from
internal compartments within the sarcoplasmic or endoplasmic reticulum and mitochon-
drial stores (see [3] for a tutorial discussion). When calcium is released from internal stores
into the cytosol a wave of increased concentration can travel without deformation, defining
smooth propagation, or with a lurching quality, defining saltatory propagation. For example
the calcium release wave in immature Xenopus oocytes is saltatory while the fertilization
wave in mature oocytes is smooth. There is a vast and growing body of theoretical work
devoted to understanding the basic biophysical mechanisms underlying these waves (see
for example [4, 5, 6]). A common starting point for much of this work is the observation
that Ca2+ is released from internal stores through channels with nonlinear properties. A
form of autocatalytic amplification, known as calcium-induced-calcium-release (CICR), fa-
vors channel opening in the presence of increased cytosolic calcium. After an open channel
closes via inactivation, it cannot reopen for some time during which it is in a refractory
state. Thus the release of Ca2+ by intracellular stores is self-regulating. A variety of ki-
netic schemes have been proposed in connection with these mechanisms and typically lead
to deterministic models which reduce to either excitable, oscillatory or bistable dynamical
systems. If whole cell models are assumed to be of reaction diffusion type then powerful
techniques from continuum mechanics can be brought to bear in studying nonlinear waves
[7, 8, 9, 10, 11, 12, 13, 14]. When models respect the fact that channels act as discrete Ca2+
stores translation symmetry is broken and one cannot use such techniques. Importantly, this
loss of translation symmetry is a prerequisite for the existence of a saltatory wave. However,
the observation of spontaneous Ca2+ puffs and the fact that calcium waves can abort sug-
gest that a predominantly deterministic model whether based on a discrete or continuum
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description of stores is still not the whole story. Keizer and Smith [15] and Falcke et al. [16]
have emphasized the importance of modeling stochastic release kinetics when considering
initiation and subsequent propagation of waves. Both have observed waves that abort in
the presence of noise and also shown how noise may generate a spark-to-wave transition. A
recent numerical study of the spark to wave transition in cardiac cells may be found in [17].
The model of Keizer and Smith considers a stochastic ryanodine receptor channel em-
bedded with a continuous cell model of reaction diffusion type. The numerical simulation
of the model requires combining the evolution of a nonlinear PDE with a continuous time
Markov process describing the transitions between the open, closed and several intermediate
states of the ryanodine receptor. The model of Falcke et al. considers a stochastic version
of the De Young-Keizer IP3 receptor model, but with channel clusters at lattice points cou-
pled by fast diffusion. The assumption of fast diffusion and linearity of the equation for
calcium transport allows an adiabatic elimination of the calcium dynamics in favor of purely
stochastic continuous time Markov process for the channel configurations of the IP3 recep-
tor. Without the need to numerically evolve a PDE to determine calcium profiles this leads
to a computationally cheap model.
In this paper we will pursue the construction of another computationally cheap yet bio-
physically realistic model of intracellular calcium release. We take as our starting point
the deterministic Fire-Diffuse-Fire (FDF) model of Keizer et al. [18]. This was originally
intended as a model of cardiac myocytes in which calcium release occurs via ryanodine re-
ceptor Ca2+ channels located in a regular array in the sarcoplasmic reticulum. However, the
model can also be formulated for a continuum distribution of stores [19]. Moreover a version
of the FDF model that describes IP3 receptors has recently been introduced, motivated by
a reduction of the De Young-Keizer model [14]. A mathematical analysis of waves in the
deterministic FDF model can be found in [19, 20, 21, 22]. The FDF model uses a threshold
process to mimic the nonlinear properties of Ca2+ channels. A stochastic generalization of
the model is introduced after considering how threshold noise can determine release prob-
ability. Functional forms for the distribution of this threshold noise can be inferred from
the recent observation of Izu et al. [17] that the probability of release per unit time has
a sigmoidal functional form. This leads to a model with simple probabilistic update rules
for the release of calcium from internal stores. By avoiding a Markov process description
of channel gating we side-step the need for computationally expensive Monte Carlo type
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simulations. Moreover, the simplicity of the underlying deterministic FDF model can lead
to further computational improvements. When considering a discrete set of release sites and
calcium puffs that have a simple on/off temporal structure the calcium profile can be solved
for in closed form, without the need for assumptions such as fast diffusion. This obviates
the need to numerically evolve a PDE to obtain calcium profiles.
In section II we describe the FDF model with a discrete distribution of release sites. We
prefer to discuss the discrete rather than continuous formulation of the model since it is less
studied yet reduces to the continuum description in the limit of zero spacing between release
sites. We make the assumption that release events occur on a regular temporal lattice to
simplify the model so that it may be re-written in the language of binary release events. As
it stands the original FDF model does not allow for any refractory processes. We introduce
a dynamics for the release events that also serves as a simple phenomenological model for
refractoriness. The calcium profile of the model can then be written as the the sum of two
terms. The first is a linear combination of basis functions, with coefficients given by the
release events. The second is a simple convolution of initial data with the Green’s function
of the model without stores. In this deterministic model release events are calculated via a
thresholding of the calcium profile at a release site. Direct numerical simulations are used
to show that this computationally simple version of the FDF model provides an accurate
representation of the original. Moreover, it is in ideal form to be generalized to incorporate
stochastic effects. The FDF threshold is assumed to be the most appropriate point at which
to introduce a source of noise to the model. We show how this leads to a natural description
of release events using a probabilistic rather than a deterministic update rule. The effects
of threshold noise are explored in section III. Here we focus on a one-dimensional cell
model, that in the absence of noise, can support a traveling saltatory wave. Sufficiently
large threshold noise is able to terminate a wave prematurely suggesting that for some
critical noise level there is a non-equilibrium phase transition between propagating and
abortive waves. A statistical analysis shows that the model exhibits properties consistent
with behavior of other models from the universality class of directed percolation (see [23] for
a review). A study of a two-dimensional cell model is presented in section IV. Here, we show
that not only does the model support noisy circular and spiral waves as expected but that
it can also exhibit a form of array enhanced coherence resonance [24, 25, 26]. We find that
coherent motion, in the form of simultaneous and periodic release of calcium from all stores,
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can be induced purely by noise. Finally in section V we discuss natural generalizations of
our model.
II. THE MODEL
The FDF model [18, 19, 20, 21, 22] is an idealized model of Ca2+ release from internal
stores in living cells. It is an all or nothing release model in which a fixed amount of Ca2+
is released when the cytosolic Ca2+ density in the neighborhood of a release site reaches a
certain threshold. The partial differential equation describing the density of Ca2+, denoted
by u(r, t), is given by
∂u
∂t
= − u
τd
+D∇2u+
∑
n∈Γ
∑
m∈Z
δ(r− rn)η(t− Tmn ) (1)
with r ∈ Rl and t ∈ R+. Here l is the physical dimension of the cell model and Γ is a
discrete set that indexes the stores. The vectors rn determine the locations of the (point)
Ca2+ release sites, whilst the Tmn give the time of release of the mth puff at the nth release
site. The function η(t) describes the shape of a Ca2+ puff which we shall take to have a
rectangular pulse-shape given by
η(t) =
σ
τ
Θ(t)Θ(τ − t), (2)
where Θ is a Heaviside step function. The strength of the calcium puff is σ and τ is
interpreted as the rise-time of the receptor. The model is highly nonlinear because the
release events are implicitly determined by the times at which the Ca2+ density at a release
site takes on the threshold value uc. More precisely we write
Tmn = inf
{
t|u(rn, t) > uc, ut(rn, t) > 0, Tmn > Tm−1n + τR
}
, (3)
to indicate that release events must be separated by at least a time τR, the refractory time-
scale. The decay time τd in (1) models the time-scale associated with the action of SERCA
pumps that resequester the Ca2+ back into the stores. The transport of Ca2+ is assumed
to be by diffusion with diffusion coefficient D. The mode of propagation (continuous or
saltatory) depends on the ratio of the time that a single site remains open to the time it
takes for calcium to diffuse between neighboring release sites [19]. If this ratio is large enough
the propagation is continuous, and wave speeds scale as
√
D, and if it is small enough the
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propagation is saltatory, and wave speeds scale linearly withD. The analytical tractability of
the model is not only useful for gaining insight into the dependence of wave speed on system
parameters, but can help in reducing the computational demands on a numerical scheme for
the self-consistent evolution of (1). Consider for the moment the class of solutions where all
release times occur at integer multiples of τ . In this case we may write∑
m
η(Tmn ) =
∑
p
η(pτ)an(p), (4)
for all n, where we define the release function an(p) as
an(p) =
1 T
m
n = pτ
0 otherwise
. (5)
In general the release times will not occur at multiples of τ . However, by restricting the
system so that release times do occur on a regular temporal lattice and choosing τR = Rτ
for some R ∈ Z, we may write
an(p) = Θ(un(p)− uc)
min(R,p)∏
m=1
Θ(uc − un(p−m)), (6)
where un(p) ≡ u(rn, pτ). The first term on the right is a simple threshold condition for
the determination of a release event whilst the second term ensures that release events are
separated by at least τR. This restriction of the model eliminates the need for the precise
determination of release times. The FDF model then takes the particularly simple form
Qu(r, t) =
σ
τ
∑
n∈Γ
an(p)δ(r− rn), pτ < t < (p+ 1)τ, (7)
where Q is the linear differential operator
Q = ∂t +
1
τd
−D∇2, (8)
with Green’s function
G(r, t) = [4piDt]−l/2 exp
(
− t
τd
)
exp
(
− r
2
4Dt
)
, (9)
and r = |r|. The dynamics for pτ < t < (p+1)τ is completely determined in terms of initial
data up(r) = u(r, pτ) as
u(r, t) =
σ
τ
∑
n∈Γ
an(p)H(r− rn, t− pτ) + (G⊗ up)(r, t), (10)
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where
H(r, t) =
∫ t
0
G(r, t− s)ds, (11)
and
(G⊗ up) (r, t) =
∫
Rl
G(r− r′, t− pτ)up(r′)dr′. (12)
Compared to the original FDF model the one we have described here is computationally
cheap to solve. Release events defined by an(p) = 1 are easily calculated since un(p) ≡ up(rn)
may be written as a sum of two terms that are both amenable to fast numerical evaluation.
In particular up(r) may be written in terms of the basis functions Hn(r) = σH(r− rn, τ)/τ ,
so that
up(r) =
∑
n∈Γ
an(p− 1)Hn(r) + (G⊗ up−1)(r, pτ). (13)
Since the basis functions Hn(r) are fixed for all time they need only be computed once. For
small τ we also have the useful result that H(r, τ)→ G(r, τ), which is given in closed form
by (9). The convolution in (13) may be performed efficiently using Fast Fourier Transform
(FFT) techniques. Once again the FFT of G(r, τ) need only be computed once, so that it is
only necessary to successively construct the FFT of up(r) for p = 0, 1, 2, . . .. We then have
that G ⊗ up = F−1(F [G]F [up]), where F denotes the FFT. Hence, under the assumption
that release times occur on some regular temporal lattice the model does not have to be
evolved as a discontinuous PDE with a self-consistent search for the times of threshold
crossings that define release events.
Of course the above approach is only useful if the restricted class of solutions that we
have focused on is in some sense close to solutions of the full model. To illustrate that this is
the case for practical applications we consider a one dimensional cell with a regular spacing
of release sites. The exact solution of a saltatory traveling pulse to this model, given by
Coombes [22], provides a benchmark against which to test our reduction of the FDF model.
We denote position within the cell by x and place release sites at points xn = nd, where
d is the release site spacing. In one dimension H(x, t) is available in closed form [22] as
H(x, t) = A(x, 0)− A(x, t), where
A(x, t) =
1
4
√
τd
D
[
exp
( −|x|√
τdD
)
erfc
(
− |x|√
4Dt
+
√
t
τd
)
+ exp
( |x|√
τdD
)
erfc
( |x|√
4Dt
+
√
t
τd
)]
. (14)
7
In Fig. 1 we plot the speed of a lurching solitary pulse as given in [22] for the full FDF
model. On the same figure we plot numerical results obtained from our reduced FDF model.
It can be seen that there is excellent agreement between the two, justifying the practical
assumption that release events can be considered to occur only at integer multiples of the
calcium puff duration. From experimental data it is apparent that the refractory time-scale
0 0.1 0.2 0.3
uc
0
20
40
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c
  100
FIG. 1: Speed of a solitary pulse as a function of the threshold level uc in the FDF model.
Crosses denote results from simulations of the reduced FDF model with 500 regularly spaced
stores. Parameters: d = 2µm, D = 30µm2/s, τ = 10ms, τd = 0.2µM/s.
is typically 50 times that of the release duration (see [15] for a discussion) so we take R = 50.
Typically τ is approximately 10− 20ms [27].
A. Stochastic model
Release sites are typically composed of clusters whose size (typically between 10 and
100 channels) is a key parameter determining the fluctuations in mean open probability of
release (see [28] for a recent discussion). Here we consider the stochastic gating of receptor
channels to give rise to an effective threshold that can be modelled under the replacement
uc → uc + ξ where ξ is an additive noise term with distribution ρ(ξ). The probability that
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an(p) = 1 is then given by
P (an(p) = 1) = P (un(p) > uc)
min(R,p)∏
m=1
P (un(p−m) < uc), (15)
where
P (u > uc) =
∫
ρ(ξ)Θ(u− uc − ξ)dξ. (16)
For convenience we choose ρ(ξ) = f ′(ξ) so that
P (u > uc) = f(u− uc). (17)
In work by Izu et al. [17] it has been argued that the probability of release per unit time
follows a functional form given by un/(Kn + un) with the Hill coefficient n = 1.6 and Ca2+
sensitivity parameter K = 15 µM. This suggests that natural choices for f(ξ) are sigmoidal
functions. Here we shall make the choice
f(ξ) =
{
1
1 + e−βξ
− 1
1 + eβuc
}
(1 + e−βuc), (18)
so that the probability of release is zero when u = 0 and tends to one as u → ∞. In
summary, the stochastic FDF model is defined by (10) with the an(p) ∈ {0, 1} treated
as random variables such that P (a = 1) is given by (15). In this framework the refractory
time-scale can also be thought of as being drawn from some distribution, since release events
are no longer bound by the constraint that they be separated by at least τR. In the limit
β → ∞, f(ξ) approaches a step function so that P (u > uc) = Θ(u − uc) and we recover
our original deterministic model. Thus we interpret β as a parameter describing the level of
noise. Note that for sigmoidal forms of f the noise distribution ρ = f ′ is bell-shaped with
the width of the bell controlled by β.
To illustrate the sort of behaviors that can be generated by this stochastic model we
again turn to a one-dimensional cell model with regularly spaced release sites. We begin
all our simulations with an initial release site in the middle of the cell in an open state. A
space-time density plot of a solitary lurching pulse arising in the deterministic limit β →∞
is shown in Fig. 2. This is useful as a starting point for comparison with results from the
stochastic model, and nicely illustrates that a discrete set of release sites leads to a wave that
propagates with a non-constant profile, but with a well defined speed. In Fig. 3 we plot the
corresponding behavior in the presence of a finite amount of noise. Initial release from the
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FIG. 2: An example of two lurching pulses moving out from the center of a deterministic one dimen-
sional FDF model with 50 regularly spaced release sites and free boundary conditions. Parameters
as in Fig. 1 for a cell of linear dimension 100µm and uc = 0.1.
central site leads to a local elevation of Ca2+ which initiates a propagating Ca2+ wave via
activation of nearby sites, as in the deterministic case. However, the stochastic nature of the
wave is evident from the fact that it does not propagate symmetrically away from the initial
event. Although rather well defined to start with the leftward propagating wave terminates
at around 1.4s. Activity in the wake of the primary stochastic front can also be sufficient
to prime release sites for subsequent spark production, seen at around 1.6s and again at
around 3.2s. It is also possible for propagating pulses to lead to the creation (in their wake)
of oppositely propagating pulses. This so-called back-firing has been observed in a number
of models (see for example [29, 30]) including the stochastic calcium release models of Keizer
and Smith [15] and Falcke [16]. Note that it is also possible for spontaneous sparks to recruit
enough neighbors for the initiation of a stochastic front. In the next section we consider in
more detail the statistical properties of FDF waves in the presence of threshold noise.
III. DIRECTED PERCOLATION
From Fig. 1 it is easy to see that the deterministic FDF model can support traveling
waves if the threshold for release is not too high, i.e., if uc < u
∗
c , where u
∗
c is defined by the
saddle-node bifurcation where the fast and slow branches of c = c(uc) coalesce. However, in
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FIG. 3: Stochastic traveling wave for the model of Fig. 2 with a finite amount of noise. Here
β = 10.
the regime where uc < u
∗
c it is possible that noisy versions of these waves will fail to propagate
if noise levels are too high. This leads to the interesting possibility of a critical noise that
defines a border between waves which survive or eventually go extinct. Indeed Ba¨r at al. [31]
have produced numerical evidence that the model of Falcke et al. exhibits a non-equilibrium
phase-transition belonging to the so-called directed percolation (DP) universality class. DP
is the new testing ground of nonequilibrium statistical mechanics, much as the Ising model
is for equilibrium statistical physics. The analysis of the DP universality class is highly
non-trivial and it has only been possible to obtain critical exponents for models in this
class numerically. Precisely at the critical point the survival probability, Π(t), of a wave is
expected to scale asymptotically as t−δ (see [23] for a review). The best current estimate
for δ comes from the work of Jensen [32], who finds that δ ∼ 0.159464. According to the
Janssen-Grassberger DP conjecture, any spatiotemporal stochastic process with short range
interactions, fluctuating active phase and unique nonfluctuating (absorbing) state, single
order parameter and no additional symmetries, should belong to the DP class. Since these
are almost the defining characteristics of a minimal model for stochastic calcium release we
should not be too surprised if our stochastic FDF model also belongs to the DP class. To
explore this possibility we consider the behavior of our model under variation of the noise
parameter β. We denote the critical value of β at the phase transition between propagating
and abortive waves by βc. To obtain a good estimate of the critical exponent δ we construct
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the effective exponent:
δ(t) =
ln[Π(rt)/Π(t)]
ln r
, (19)
where ln r is the distance used for estimating the slope of Π(t). For β 6= βc, δ(t) will deviate
from a straight line (in the large t limit) so that plots of δ(t) for various choices of β may
be used to predict βc. An estimate of δ is obtained by extrapolating the behavior of δ(t)
to t−1 = 0. In Fig. 4 we plot δ(t) for various β, showing that for our choice of systems
parameters βc ∼ 0.47. In Fig. 5 we plot the corresponding distribution of survival times Π(t)
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FIG. 4: A plot of −δ(t) as a function of t−1 for three different level of threshold noise, β = 0.49
(upper curve), β = 0.47 (middle curve) and β = 0.45 (lower curve).
for the activation process started from a single site. Using our value of βc we find δ ∼ 0.159,
suggesting that our model does indeed belongs to the DP universality class. Whether or
not a DP transition will be seen in a living cell is another matter entirely. As pointed out
by Hinrichsen [23], the size of a living cell is only a few orders of magnitude larger than the
diffusion length, leading to strong finite size effects. Moreover, inhomogeneities as well as
internal cellular structures are a source of disorder that may further complicate matters. To
date there is no clear experimental evidence that there is a phase transition between survival
and extinction of propagating calcium waves in living cells.
Till now we have illustrated the properties of the stochastic FDF model with one-
dimensional studies in the regime where wave propagation is possible in the limit of zero
threshold noise. In the next section we turn to two-dimensional studies and also explore
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FIG. 5: The distribution of survival times for the stochastic FDF model at the critical noise
defining the transition between propagating and abortive waves. For large t, Π(t) scales as t−0.159,
indicating that our model belongs to the DP universality class.
the parameter regime where an initial disturbance could not propagate in the deterministic
regime.
IV. ARRAY ENHANCED COHERENCE RESONANCE
In this section we consider a two-dimensional cell model and a regular square lattice of
release sites with spacing d. The basis functions H(r − rn) can be computed numerically
from (11) and (9) using l = 2. However, it is also possible to compute the basis functions
in closed form for two special cases. i) In the limit τd →∞ then H(r) = E1(r2/4Dτ)/4piD,
where E1(x) is the exponential integral function
E1(x) =
∫ ∞
x
dz
e−z
z
. (20)
This corresponds to the limit of zero pumping, where calcium is not removed from the
cytosol. ii) For small τ we also have that H(r, τ)→ G(r, τ) (as already noted in section II).
Since the puff duration is very small compared to τR this is a very accurate approximation,
and so has been used in numerical simulations for this section. An example of behavior
in the two-dimensional stochastic FDF model is shown in Fig. 6. Here a sequence of
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snap shots shows nucleation of a circular front, subsequent propagation and the emergence
of noisy spiral waves. These waves can be annihilated in collisions with other waves and
created by spontaneous nucleation. The long time behavior of the system is dominated by
the interaction of irregular target and spiral waves. This is typical of dynamics in noisy
spatially extended excitable systems. In fact the role of fluctuations for the generation
and propagation of patterns in spatially extended excitable media is a subject of increasing
attention and can be traced back to work by Jung and Mayer-Kress [33, 34]. We note
that both the stochastic FDF model and the Jung and Mayer-Kress (JMK) model describe
the interaction of threshold devices with spatially decaying connectivity (fixed in the JMK
model, but determined by the calcium profile in ours). In the JMK model noise is added
to the state variable whereas in the stochastic FDF model it is added to the threshold.
Importantly it is possible for noise to sustain spatio-temporal structures that could not
otherwise occur. In this case a removal of all noise would lead to a deterministic system
which could not support traveling waves. Since noise sustained target waves may collide
with each other this typically limits their growth to a finite region, whose size is expected to
decrease with increasing noise. Indeed the scale of noisy spiral waves has been shown to be
dominated by the ratio of longitudinal (normal to the front of high activity) and the traversal
(parallel to the front) speed of propagation [33]. As noise levels increase the transversal
propagation speeds up, yielding a spiral wave with larger curvature. For increasing noise it
is possible that the breakup of spirals and increased spontaneous nucleation of other spirals
may destroy any coherent motion. However, it is also possible to see coherent motion for
high levels of noise. In fact coherence can actually be enhanced in regions of high noise and it
is possible to observe synchronized global release events. This type of behavior has recently
been termed array enhanced coherence resonance (AECR) and is typical of the way in which
noise can lead to structured activity in spatially extended excitable systems [24, 25, 26]. In
Fig. 7 we show an example of this type of phenomenon in the stochastic FDF model. Here
an initial disturbance leads to the propagation of a circular target wave. In the wake of
the wave there is then subsequent release from a set of neighboring sites. After this one
sees near simultaneous release from a large number of sites. This process of simultaneous
release repeats and at every stage recruits more and more stores. After only a few cycles
of this process one sees an almost simultaneous release from all sites. The frequency of this
oscillation increases monotonically with the noise level β−1 (above a cut-off below which
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FIG. 6: Temporal sequence snapshots for the two-dimensional stochastic FDF model with β = 100
(low noise). Other parameters as in Fig. 1. Frames are presented every 0.45s starting in the
top left corner and moving rightward and down. An initial seed in the center of the cell model
leads to the formation and propagation of a circular front. Spiral waves form in the wake of the
wave by spontaneous nucleation. These can be destroyed in wave-wave colllisions and created by
spontaneous nucleation.
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FIG. 7: Temporal sequence snapshots for the two-dimensional stochastic FDF model with β = 10
(high noise). Other parameters as in Fig. 1. Frames are presented every 0.45s starting in the top
left corner and moving rightward and down. An initial seed leads to the formation of a circular
traveling front. In the wake of the wave there is periodic and near simultaneous release from a
large number of stores, typical of systems exhibiting array enhanced coherence resonance.
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AECR fails). We emphasize that the coherent motion illustrated in Fig. 7 is induced purely
by noise without an external periodic signal. This is very reminiscent of the behavior of an
excitable activator-inhibitor medium recently discussed by Hempel et al. [24]. They also
consider a model with threshold noise (but with fixed Gaussian spatial interactions) and
note that when the nucleation time becomes much smaller than the intrinsic refractory time
of the system, all cells fire and come back to rest essentially at the same time.
V. DISCUSSION
In this paper we have introduced a stochastic generalization of the fire-diffuse-fire model
of calcium release from internal stores in single cells. This computationally inexpensive
model has been numerically simulated in one and two dimensions. The model exhibits a
non-equilibrium phase transition between propagating and non-propagating waves of the
type seen in models belonging to the directed percolation universality class. Moreover,
noise sustained patterns can give way to a form of array enhanced coherence resonance
with increasing levels of threshold noise. A number of natural extensions of the model are
possible, which we now briefly discuss.
In a recent paper we have shown that the biophysically motivated De Young-Keizer
model [35] of calcium release can be viewed as possessing an IP3 sensitive threshold [14].
The use of this IP3 sensitive threshold within the stochastic FDF framework would allow
the investigation of the effects of stochastic fluctuations in IP3 levels in models of De Young-
Keizer type. Although not expected to influence any critical exponents (since these should
be independent of the details of the model), the background level of IP3 would be expected
to influence the speed and shape of a traveling wave.
In real cells release sites are not likely to be arranged on a perfectly regular lattice
(although for cardiac myocytes release sites are in fact regularly spaced along the longitudinal
axis of the cell) and one should consider a disordered distribution of sites. A numerical
investigation of the effects of spatial disorder on models of calcium release has suggested
that the propagation of waves in a cell with randomly distributed release sites is reminiscent
of that seen in forest fire models, flame propagation in random materials and epidemic spread
[36, 37]. Similar studies of the computationally cheap stochastic FDF model will allow a
comprehensive statistical analysis, useful for uncovering the criterion for wave propagation
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as a function of spatial disorder. Although we have focused on regular distributions of
release sites for the purposes of this paper, there is no computational overhead in considering
disordered distributions of stores.
Throughout this paper we have made the assumption that diffusion is isotropic. The
relaxation of this assumption does not lead to any technical difficulties. For example in two
dimensions we might consider the replacement D∇2 → Dx∂xx +Dy∂yy so that G(x, y, t) =
exp[−t/τd] exp[−x2/4Dxt− y2/4Dyt]/4pi
√
DxDyt. The remainder of the formalism we have
employed than carries over.
By combining the above generalizations of the model it will also be possible to explore
the importance of focal sites on wave initiation and propagation. Focal release sites are
distinguished by their higher sensitivity to IP3 and their close apposition to neighboring
release sites. They are known to be able to entrain both the temporal frequency and spatial
directionality of calcium waves [38].
All these generalizations, together with fully three dimensional simulations, are topics of
current investigation.
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